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We show that, up to trivial examples, the definition of Zara graph (or a graph 
satisfying hypothesis (H) in F. Zara [European J. Combin. 5 (1984) 255-2901) can 
be weakened to the following axiom: 
(Z) every maximal clique is regular in the sense of A. Neumaier [in “Finite 
Geometries and Designs” (P. J. Cameron, J. W. P. Hirschfeld, and D. R. Hugues, 
Eds.), pp. 244-259, Cambridge Univ. Press, Cambridge, U. K., 19811 (i.e., given a 
maximal clique, every vertex outside it is adjacent to the same number of vertices 
in it). ‘(?a 1990 Academic Press. Inc. 
All graphs considered here are finite, undirected, without loops or mul- 
tiple edges. Neumaier [3] defines a regular clique in a graph as a clique C 
such that every vertex outside C is adjacent with the same number e, of 
vertices in C; this number e, is the nexus of C. For instance, all maximal 
cliques in the collinearity graph of polar space with thick lines are regular 
(see Tits [ 5, p. 102, Axiom (P3)]); the maximal cliques arising from lines 
in the collinearity graph of a partial geometry are (usually the only) regular 
cliques (see [3]). 
Zara [6] studies graphs satisfying the next three conditions: 
(Z) every maximal clique is regular; 
(Zl ) all maximal cliques have the same nexus e ; 
(Z2) all maximal cliques have the same size m. 
Such graphs are called Zara graphs in Blokhuis, Kloks, and Wilbrink [ 1 ] ; 
they generalize polar spaces, but not partial geometries. 
Blokhuis, Kloks, and Wilbrink [ 1 ] note that Axiom (22) is not essential 
in coconnected graphs (i.e., graphs whose complementary graph is con- 
nected): more precisely, they prove that the only examples of coconnected 
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graphs satisfying (Z) and (Zl), but not [Z2], with e > 0, are “expansions” 
of m x n grids (see definition below). 
The present paper completes this result to the non-coconnected case; 
moreover, it shows that actually (Zl) is superfluous : 
THEOREM. ( 1) Zf (Z) holds in a graph, then (Zl ) holds too. 
(2) rf a graph sati$ies (Z) and not (Z2), it must be either a 
“marguerite” or a “supergrid” (see definitions below,). 
We call a “marguerite” any graph obtained as follows: its set of vertices 
is the disjoint union of arbitrary (finite) sets M,, M,, . . . . M,, where only 
M, may be empty, and n 3 1; distinct vertices x E Mi and y E Mj are defined 
to be adjacent either if i = j or if ij = 0. Note that when M, is empty, such 
a graph is just a partition into maximal cliques. 
A “supergrid” is defined as follows: the set of vertices is the disjoint 
union of a (possibly empty) finite set M, and sets Mi,j of arbitrary finite 
cardinality e > 0, with i = 1, . . . . m and j=l,...,n and m,n>l; a vertex in 
M, is adjacent to all other vertices and x E M,. j is adjacent with y E M,.,,, 
iff i = i’ orj = j’. A “supergrid” with M, empty and e = 1 (resp. e > 1) is just 
an m x n grid (resp. an expansion of an m x n grid). 
Remarks. (i) Our proof of part 1 of the theorem does not actually 
require the finiteness of G: the statement holds for infinite graphs whose 
(finite or infinite) maximal cliques have finite nexus. 
(ii) A. Neumaier [3, Theorem 1.11 showes that if G is strongly 
regular, (or at least edge-regular), the existence of one regular clique 
implies that all regular cliques have the same size and the same nexus. 
Hence, the following question arises: in our theorem, is it actually 
necessary to require all maximal cliques to be regular? The answer is yes: 
on the one hand, the counting argument of [3], based on edge-regularity, 
cannot be used in our more general setting; on the other hand, the 
counter-example at the end of the paper proves the existence of non-trivial 
(regular and co-edge regular) graphs with maximal cliques of different 
size and nexus. Many other counter-examples can be obtained (see 
N. Percsy [4]). This answers a problem stated in A. Neumaier [3, p. 2461. 
DEFINITIONS AND NOTATIONS 
In this paper, G denotes the set of vertices of a finite undirected graph 
without loops or multiple edges; moreover, G is not complete. For p E G and 
XcG,weusethenotationspl=Ix~G\(p)lx=porxisadjacenttop) 
and XL = opt .Y p’. 
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We say that Xc G is a clique if any two distinct points of X are adjacent. 
Let & denote the set of maximal cliques of G (i.e., those cliques which are 
not proper subsets of a clique). Obviously, G’ = 0 ~4’. 
As defined above, a clique C is said to be regular of nexus e, if 
jp’ n C( = e, for every p E G\C. Clearly, every regular clique C, not 
contained in Cl, is maximal with nexus eL. < 1 Cl. Axiom (Z) is a converse 
of this property. 
PROOF OF PART 1 OF THE THEOREM 
We say that distinct M, M’ E &? are adjacent-and we write 
M - M-when for all M”EJI\{M, M’}, Mn WcM” implies 
MnM’=MnM”=M’nM”. 
PROPOSITION. Assume that the graph G satisfies (Z). 
(1) If M, M’E,& are adjacent, then eM=eMC= )MnM’I. 
(2) If IMn M’I ae,,,,, for some distinct M, M’EJH, then M-M’. 
(3) The adjacency graph on & is connected. 
ProojI (1) Let M, M’ be adjacent cliques. Since M is maximal, there 
is a vertex p E M\M’. No p’ E M’\M is adjacent to p, otherwise there 
would be a maximal clique containing Mn M’ and p, p’, contradicting 
M-M’. Thus, p’nM’=MnM’ and e,,,,.= IMnM’l. Similarly, 
e ,=IMnM’l. 
(2) Assume IMn M’I 3 eM for distinct M, M’ E A’. By (Z), 
e,=Jp’LnM13)MnM’I for anyp’EM’\M. Hence, plnM=MnM’ 
for all p E M\M’ and, since such a p exists, e,,, = e,,,,. On the other hand, 
(Z) implies obviously that IXn MI <e, and IXn M’J <e,, for any 
A-d!\{M, M’}. So, M-M’. 
(3) Let M, M’ E -4. By (1) and (2), (Mn M’I 6 eM and the equality 
holds iff M- M’. We shall prove, by induction on d(M, M’) = 
e ,,,- IMnM’lbO, that 
(*) there are M,, M2, . . . . Mj, M,,, E JY such that M, =M, 
M I+I=M’, and MiwMitl for i=l,..., j. 
This is obvious when d(M, M’) = 0. Assume that property (*) holds for 
d(M, M’) < D and suppose d(M, M’) = D + 1. Consider p E M’\M there is 
and M” E k! containing p and pL n M. By (2), M” N M and, clearly, 
d(M”, M’) < d(M, M’). 1 
Now, part 1 of the Theorem follows immediately from assertions (3) and 
(1) of the Proposition. 
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PROOF OF PART 2 OF THE THEOREM 
From now on, we assume that the graph G satisfies (Z), but not (22); 
hence (Zl) holds and there are M,, IV~EM with lM,l # lMzI. 
STEP 1. G\G’ is coconnected (i.e., the non-adjacency graph on G\Gl 
is connected). 
Proof Assume the contrary, and consider a connected component G, 
of the non-adjacency graph on G\G’, together with its complement 
Gz = (G\G’)\G,. Then any vertex of G, is adjacent to any vertex of G,; 
since G,, G, are disjoint from CL, they are not cliques. 
Let X c G, be a clique which is maximal in G, . For any clique Y c Gz 
that is maximal in GZ, M = Cl u Xu Y is a maximal clique in G and, by 
(Zl), for any pcG,\X, e=Ip’n71=IG’I+(pinXI+IYI. Hence IYI 
must be a constant number for any maximal clique in Gz. Similarly, all 
maximal cliques in G, have the same cardinality; and (22) follows 
obviously, a contradiction. 1 
STEP 2 (Blokhuis, Kloks, and Wilbrink Cl, Lemma 2.2 J ). Ij’ p, q E G 
are non-adjacent, then p is contained in the same number of maximal cliques 
as q. 
STEP 3. If some vertex of G belongs to a unique maximal clique, then G 
is a “marguerite” graph. 
Proof If some PEG belongs to a unique maximal clique, then 
p E G\G’ (otherwise G itself is a clique) and, by Step 1 and Step 2, any 
point in G\G’ is on a unique maximal clique; i.e., G is a “marguerite”. 1 
As a consequence of Step 3, we may assume, from now on, that G 
satisfies the following condition : 
(*I every vertex is in at least two maximal cliques. 
STEP 4 (Blokhuis, Kloks, and Wilbrink [ 1, Theorem 2.31). Assume 
that G is coconnected (and satisfies (*)). Then there are distinct integers a, 
b such that any vertex is on exactly two maximal cliques, one of size a, one 
of size b. 
STEP 5. If G satisfies (*), then G is a grid. 
Proof First note that the graph induced on G\G’ satisfies (Z) (hence 
(Zl)) and not (22). Hence, by Step 1, Step 4 applies to G\G’ and implies 
the following properties in G: J&’ = (My, . . . . A42, Mf, . . . . M,b), where the 
MY’s are the maximal cliques of size a and M,b’s are the maximal cliques 
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of size b # a, and m, IZ > 1 by (*); moreover, the sets My\G’ constitute a 
partition of G\G’ and similarly for the sets M:\G’. 
It remains to prove that the sets M,.i = A4r n MF are pairwise disjoint 
and have cardinality e > 0. According to the Proposition, it is enough to 
prove that any two M, M’ E ~8’ of different size are adjacent. Since each 
vertex is in two maximal cliques, M’ NM is obvious, by definition, when 
MnM’# 0. Assume Mn M’= 0 and consider PE M\GL: then 
1 pL n M’( = e > 0 and p u (p’ n M’) is in some maximal clique M” 
meeting M’. Hence (M’j # IM” and p would be in two maximal cliques M, 
M” of same size, a contradiction. 1 
A COUNTER-EXAMPLE 
What happens if we try to weaken hypothesis (Z) in the theorem, 
assuming that certain (but not all) maximal cliques are regular? The 
theorem is no more true: there are (fairly regular) graphs with regular 
maximal cliques of different size and different nexus, e.g., the adjacency 
graphs of polar spaces having some line of cardinality 2 (see Buekenhout 
and Sprague [2] for a classification of these polar spaces and [4] for more 
counter-examples). Note that given a graph having (at least one) regular 
maximal clique, certain hypotheses on the graph may force all maximal 
cliques to be regular, and hence the theorem to be true: this is the case for 
edge-regular graphs according to A. Neumaier [3]. We end with an explicit 
(fairly regular) counter-example (a polar space graph). 
COUNTER-EXAMPLE. Let 9 be the set of points of a three-dimensional 
projective space of order q and let ,9# denote its set of planes. A graph is 
defined on B u @ as follows: 9 and W are cliques, and p E 99 is adjacent 
to BE 9? whenever p E B in the projective space. This graph is connected, 
coconnected, regular, and co-edge regular (i.e., for non-adjacent vertices 
a, b: I& n 6’1 is a constant number), but not edge-regular (i.e., for 
adjacent vertices a, 6: 1,’ n bll is a non-constant number); there are two 
kinds of regular cliques, with respective size (q4 - 1 )/(q - 1) and 2q + 2, 
and with respective nexus q2 + q + 1 and q + 2. 
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